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Abstract. A q-type Holder condition on a function / is given in order to 
establish (uniform) convergence of the corresponding basic Fourier series S q [f] 
to the function itself, on the set of points of the q-lincar grid. 

Furthermore, by adding others conditions, one guaranties the (uniform) 
convergence of S q [f] to / on and "outside" the set points of the q-linear grid. 
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1. Introduction 

Basic Fourier expansions on q-quadratic and on q-linear grids were first con- 
sidered in [5] and in |7|, respectively. Recently, in sufficient conditions for 
(uniform) convergence of the q- Fourier series in terms of basic trigonometric func- 
tions S q and C q , on a q-linear grid, were given. In |19| it was established an 
"addition" theorem for the corresponding basic exponential function, being these 
functions equivalent to the ones introduced by H. Exton in |12j . Following the 
unified approach of M. Rahman in |18j . these functions can be seen as analytic 
linearly independent solutions of the initial value problem 

6 -M = Xf(x), /(0) = 1, 
where 5 is the symmetric q-difference operator acting on a function / by 
(1.1) Sf(x) = f{q x ' 2 x) - f{q- x ' 2 x) , 

with < q < 1 . Then, from 

Sf(x) f{q l ' 2 x) - fiq-^x) 



(1.2) 



Sx x{q 1 / 2 - q-V 2 ) 



There exists an important relation between this difference operator and the q- 
integral. The q-intcgral is defined by 



pa oo 

/ f(x)d q x = a(l-q)y2f(aq 
Ja n=0 
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and 

t*b r-b r-b 

(1.3) / f(x)d q x = / f(x)d q x- / f (x)d q x . 

Ja JO JO 

From p. 2(1 and p. 3(1 it follows 

(1-4) 6J ^d q x = qi { [/(g-*) - /(-«,"*)] - [/(0+) - /((T)] } 

hence, one have the following formula |10( for g-integration by parts: 



d q x = - f( q *h x )°-2ptl dx + 
J — i o a; 



(1.5) ' ' 5 i x J-i 6 i 

9* { [ (/a) («-*) - (/*) ( - ff"*) ] - [ (/*) (o + ) - (/*) (o-) ] } • 

These functions satisfy an orthogonality relation 112] where the correspond- 
ing inner product is defined in terms of the g-intcgral ((1.4(1 . In (7J, it was proved 
that they form a complete system and analytic bounds on their roots were derived. 

As we will refer in section 2, the above g-trigonomctric functions can be written 
using the Third Jackson g-Besscl funtion (or the Hahn-Exton g-Besscl function). 
In pj], analytic bounds were derived for the zeros of this function -which includes, 
as particular cases, the corresponding results established in [7]- and recently, in 
0|, it was shown that they define a complete system. 

Throughout this paper we will follow the notation used in |13| which is now 
standard. 

The publications (7J 03 El ESI HOI HD are the most affiliated with this work. 
For other type of expansions (sampling theory) or related topics see [D El El HI EH • 

2. The g-LiNEAR Sine and Cosine. Properties. 
The initial value problem 

6 -M = Xf{x), /(0) = 1, 
has the analytic solution [7] 

[A(l -g)z]"g(" 2 -™)/ 4 



(2.1) exp 9 [A(l-g)z] = ]T 



which is a standard g-analog of the classical exponential function |13L I18j . The 
g-linear sine and cosine, S q (z) and C q (z) , are then defined by 

exp 9 iz := C q (z) + iS q (z) . 

From ((2.1|) we get 



C q (z) = E 



(_l)"g«[n-(l/2)] z 2n / Q 



(g;g 2 ;g 2 ) n \ g 



; g 2 , q 1 l 2 z 2 



z ~ f_l-)« ™[«+(l/2)] z 2n / 

i-?r„ (9,9,r)n l-g \q 6 
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which can be written in terms of the third Jackson g-Bessel function (or, Hahn- 
Exton g-Bessel function) [1511171122] 



4 3 \z;q) : = z» ZL & . x ; q, qz 



..2 



as 

„2. „2 



s * )= ' 1,s fSr= 1/J 'vU'-" 4 - 2 ) 

They satisfy 

(2.2) «^ = _ « 

oz 1 — q 

(2.3) ^ = -^C 3 M, 

oz 1 — q 

and, when w is such that S q (uj) = , 

(2.4) [C q (wj\ - 1 = C q (q-V 2 u) = C q (qV 2 w) . 

It is known [7j that the roots of C q {z) and S q (z) are real, simple and countable. 
Further, because C q (z) and S q (z) are respectively even and odd functions, the 
roots of C q (z) and S q (z) are symmetric and we will denote the positive zeros of 
the function S q (z) by u>k , k = 1, 2, . . ., with u>i < W2 < ^3 < . . .. 

As we mentioned before, the zeros of the function S q (z) form a discrete set 
of symmetric points in the real line. In [7J page 145], it was shown that the set of 
positive zeros lo/. , k = 1, 2, . . . of the function S q (z) , verify the following analytic 
bounds: 

If < q < 0o , where O is the root of (1 - q 2 ) 2 - q 3 , < q < 1 , then 

q -k+ ak +l/4 <Uk< q -k+l/4 ^ k = 1)2 ,,.., 

where 

log 



a k = a k (q) 



1 1 TT" 

1 — 



1.2, 



2 log q 

According to Remark 1 in |7J page 145], the previous result can be restated in the 
following form: 

Theorem A For every q , < q < 1 , K exists such that if k > K then 
oj k = q -k+c*+V* , 0<e k <a k (q). 

By using Taylor expansion one finds out that 
(2.5) a k (q) = 0{q 2k ) as k -> 00 . 



Theorem 4.1 of page 139] settle the orthogonality relations: 
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Theorem B Considering fj,k = (1 — q)C q (q 1 ^ 2 u;k)S' q (u;k) we have 

/i ( if ft m 

C^g 1 / 2 ^)^^ 1 / 2 ^^)^ = ^ 2 if fe = = m 

"I [ /Jfc if fe = TB^O 

1 f if fc^mVft=0=m 

S q (quj k x)S q (quj m x)d q x = < 
1 { q- 1/2 Vk if k = m^0 

The Completeness Theorem page 153], where a misprint is corrected, states 
the following: 

Theorem C Let f{uj k z) = C q (^q^uJkZj + iS q (quj k z) where the uj k , lu o = <lui< 
lo 2 < ■ ■ ■ are the non-negative roots of S q (z) . Suppose that 
-l 

g(z)f{u) k z)d q z = ti , ft = 0,1,2,... 



where g{z) is bounded on z = ±q J , j = 0,1,2,... . Then, g(z) = , i.e., 
g(±q j ) =0 for all j = 0, 1, 2, . . . . 

To end this section we write down the Theorem 6.2 of page 150]: 
Theorem D Jf S q (u k ) = then, for n = 0, 1, 2, . . . , 

S q (q^ k ) = S g (^ B-W^ ^T^'* 1 ^ ■ 



j'=o 



,1+n— j. , 



3. The Fourier Coefficients 

As a consequence of the orthogonality relations of Theorem B, we may consider 
formal Fourier expansions of the form 

oo 

(3.1) /(*) ~ S g [f}(x) = y + E [ akC i (« W) + b k S q (qoj k x) 

fe=i 

with a = J j f(t)d q t and, for ft = 1, 2, 3, . . . , 

(3.2) ak= uhj f ^ Cq (^ fei ) d i l 



(3.3) b k = ii / /(t)5, (gw fc f) d 9 i , 
where 

(3.4) (.^(l-^^WW. 
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In order to study the convergence of the series 1(3. 1(1 - 1(3. 4(1 . ^ becomes clear that we 
need to know the behavior of the factor fik of the denominator as k — ► oo , which 
is equivalent to control the behavior of S'(wk) and C q (q 1 ^ 2 ujk) as k — > oo . 

Theorem 3.2 from |10j asserts that 
Theorem E At least for < q < (1/51) 1 / 50 , 

q 1-9 
where Sk satisfies liminf \Sk\ > 0. 

k — >oo 

With respect to Sk from the previous theorem we have the following lemma: 
Lemma 3.1. There exists a constant B , independent of k, such that 

\S k \<B, k = 1,2,3,.... 
PROOF. The expression of Sk is given page 147] by 

_ ^ (_ 1 )n ng («-fe+l/2+ £fc ) 2 - ( _ 1)mm(Z ( m+ l/2+ £fc ) 2 

Sk = 1^ (n* r,3-n2\ = 1^ 



For k large enough, by Theorem A and 1)2.5(1 . 1/2 + Ek > hence 

°° | m | (m+l/2+e fc ) 2 9 °° 

which completes the proof since the infinite series on the right member is convergent. 

□ 

We observe that the constant B, as well as Sk, depend on the parameter q. 

The behavior of C q {q 1 ^ 2 uik) as fc — > oo will be known by the corresponding 
behavior of C q (uJk) and by (|2.4() . Theorem 3.3 of |10j establishes 

Theorem F At least for 0<q< (1/50) 1 / 49 , 

C q {u> h ) = q- (k -^ 2 R k , 

2 

where \Rk\ < -, r-, : — and Uminf \Rk\ > . 

To end this section, we collect the Theorems 4.1, 4.2 and 4.3 of |1U| : 
Theorem G If c E M. exists such that, as k — > oo , 

f{t)C q (q^0Jkt)d q t = O(q ck ) and J f (t)S q {quikt) d q t = O (q ck ) 

then, at least for < q < (1/51) 1 / 50 , the q-Fourier series i)3.1l) is pointwise con- 
vergent at each fixed point i £ V, = |±g" _1 : neK} . 

Theorem H If c > 1 exists such that, as k — > oo , 

el 



f(t)C q d q t = O {q ck ) and j f(t)S q (quj k t) d q t = O {q ck ) 
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then, the q-Fourier series at least for < q < (1/51) 1 / 50 , converges uniformly 

on V q = {±q n ^ : n £ N } . 

Theorem I If f is a bounded function on the set V q — {±g n_1 : n £ IN } , and 
the q-Fourier series S q [f](x) converges uniformly on V q then its sum is f(x) 
whenever x £ V q . 



4. Convergence condition on the function 

Denoting the g-Fourier coefficients of a function / by dk(f{x)) and b k (f(x)) , 
A- = 1,2,3,... , using (E3-(E3Jl and one have, by ltT3|l . 



(4.1) a k (f(x))-- 



q^ 2 u)kHk 



1 q ( A */(?**) 
S q {quJkt) 



St 



d q t b k 

qu k 



5f(q2 X ) 



and 
(4.2) 



bk(f(x)) 



1-g 
qiLOk 



1 ^{q i \f(q- 1 )-f{-q- 1 )]c q (q^ k ) 
/(0 + )-/(0-)] -Jc q (qi Uk t) 



_q 

<1 



6f(q-h) 



St 



l q t} 



a k 



8f(q-*x) 
Sx 



/(0 + )-/(0-) fjq-^-fi-q- 1 ) 



The conjugation of this last two identities with Theorem H enables us to deduce 
conditions on the function / in order to guarantee uniform convergence of the 
corresponding Fourier series S q [f] . In its statement, we will consider the notation 

L-[-l,l] = {/:sup{|/(± 9 "- 1 )| :n£N} < ^} 
and the following definition: 

Definition 4.1 If two constants M and A exist such that 



(4.3) 



f(±q n - 1 )-f(±q n ) 



< Mq> 



71 = 0,1,2, 



then the function f is said to be q-linear Holder of order A . 

Theorem 4.1. If f £ 1, 1] is a q-linear Holder function of order A > \ 
and satisfies /(0 + ) = /(0~) then, at least for < q < (1/50) 1 / 49 , the corre- 
sponding q-Fourier series S q [f] converges uniformly to f on the set of points 
V q = {±q n - 1 : neK] . 

PROOF. From l|3.2[> and l|4.1[) one have 



(4 



/(t)C, (gW) d q t = ^ k a k (f)=--^- 



1 q , . <*/(?**) 

b q {qu k t) 



St 



dqt. 



BASIC FOURIER SERIES: CONVERGENCE ON AND OUTSIDE THE q-LINEAR GRID 7 



Similarly, from and H4.2I) . 
(4.5) 

„i 

f(t)S q (qu k t) d.t^q- 1 ' 2 ^ b k (f) 



.1 

{q i [f(q- 1 )-f(-q- 1 )]c q (q^u;kj - / C,(«W) 



9-1 



*/(g-*t) 



v}. 



By Cauchy-Schwarz inequality we have 
(4.6) 



1 , Sf(qh) 

S q {qUkt) Jj—'-dqt 



< 



Sq (qu k t) d q t 



1 fSfjgh) 



St 



dqt 



and 
(4.7) 



Cqiq^Ukt 



*/(g-**) rff 

5* 9 



< 



Using the orthogonality relations of Theorem B we may write 

q? j S 2 q (qu k t) dqt = J C 2 q W) d q t = A i fe = (1 - q)C q (q$U)*) S' q (to k ) 
thus (|4.6|l and (|4.7|) become, respectively, 



(4.8) 



1 / \ 
S q (qukt) Jj_ dqt 



< 



<T*(l-g)* [C q [q*u k )S'(u> k ) 



1 (Sf(qh) 



1/2 



St 



dqt 



and 



(4.9) 



1 / i \ Sf(q-h) 

^ Cq {q*U k t) ' dqt 

(l-q)i (CqULJ k )S'q(LJ k ) 



1 fSf(q-h)' 



St 



dqt 



Now, using the corresponding definitions of the g-intcgral and of the operator S 
one finds that 



1 / Sf(qh) 



St 



dqt 



00 ( 2 

(i-?)E [/(?") - f(i n+1 )} + [/( - ?") - /( - q n+1 ) 

71=0 
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hence, since / is q- linear Holder of order A > \ , by JOJ|, 



(4.10) 



1 (sf( q uy 



In a similar way we obtain 

/^/(g~*t) 



d g i < 2M 2 (1 - g)^? 



n=0 



(2A-1)„ = 2(1 - g)M 2 
1_ ? 2A-1 



(4.11) 



St 



d q t < 



2(1 - q)M 2 
1 - g 2A -! 



Thus, (US} and l|4.9|l become, respectively, 

V2q-i{l-q)M 

7w 



(4.12) 



5, (quJ k t) — dqt 



< 



2A- 



P- (C q (qi Uh ) S' q (u k ) 



and 



(4.13) 



C„ (q 2 UJk, 



t) Sf ^ dt 

St q 



-2A-X 



Finally, using l|4.12[) and (|4.13() in i|4.4|l and l|4.5|) . respectively, by Theorems A, 
E, F and identity (|2.4(l . as well as Lemma 13.11 one concludes that the condi- 
tions of Theorem H arc fulfilled with, for instance, c = 3/2, thus the g-Fouricr 
series (|3.1|) . at least for < q < (1/50) 1 / 49 , converges uniformly on the set 
V q = {±q n ~ 1 : neN}, hence, by Theor cm I, under the same restriction on q , 

S q [f](x) = f{x) , VxeV q = {±q n - 1 : neN} . 

□ 

A simple analysis of the previous theorem shows immediately that the behavior 
of the function / at the origin is crucial to study the convergence of the g-Fourier 
series S q [f] . Consider, then, the following concept: 

Definition 4.2 A function f is said to be almost q-linear Holder of order A if 
two constants M , A and a positive integer no exist such that 



f(±q 



f(±q r ' 



< Mq 



A? i 



(4.14) 

holds for every n > no . 

Obviously that every q-linear Holder function of order A is almost q-linear 
Holder function of order A . 

Corollary 4.2. If a function f e 1,1] is almost q-linear Holder of 
order A > \ and satisfies /(0+) = /(CT) then, at least for < q < (1/50) 1 / 49 , 

the corresponding q-Fourier series S q [f] converges uniformly to f on the set of 



points V q = {±q 



n-l 



Proof. By hypothesis, / is almost g-lincar Holder of order A > 1/2, i.e., it 
satisfies <|4.14ll . Then the relations l|4.10[) and (14.11(1 ) now become 



' Sfjqh) 

St 



dqt < 



2(l-g)Af 2 g 

1 _ „2A-1 



2 n 
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and 



y st j ~ q - 1-q 2 *- 1 

respectively, where M\ and M 2 are constants. Therefore, using the above inequal- 
ities in formulas (|4.8|l and l|4.9|l we get two new inequalities that differ from (|4.12() 
and l|4.13|) only by a constant in the corresponding right hand side. Hence, the 
conclusion on the uniform convergence follows. □ 



Corollary 4.3. If f e 1, 1] satisfies /(0 + ) = /(0~) and there exists 

a neighborhood of the origin where the function f is continuous and piecewise 
smooth then, at least for < q < (1/50) 1 / 49 , the corresponding q-Fourier series 
S q [f] converges uniformly to f on the set of points V q = {ig™ -1 : n £ IN } . 

PROOF. It's just a consequence of the fact that a function / that is contin- 
uous and piecewise smooth at any neighborhood of the origin satisfies a Lipschitz 
condition (161 page 204]. Thus, it satisfies a Holder condition of order 1 on that 
neighborhood and so, by Corollary 14.21 the uniform convergence follows. □ 



5. Convergence on and outside the g-linear grid 

The convergence of the basic Fourier series l|3.1[) - (|3.4|) always refer to the dis- 
crete set of the points of the g-linear grid V q — jig™ -1 : neH}. 
Two important questions arise at this moment: 

• The above mentioned q-Fourier series also converges outside the points of 
the q-linear grid? 

• In that case, to what function it converges ? 

Next theorem will give a positive answer to both questions. 

Theorem 5.1. Let f e 1, 1] and suppose that c G ]R + exists such that, 

as fc-KM, 

(5.1) 

J{t)C q (q^u k t)d q t = 0(q^ 2 ) , J f(t)S q {qu k t)d q t = 0{c£ k+c -^ 2 ). 

If f is analytic inside ft = {z £ C : \z\ < 6} , where S is a positive quantity such 
that < 5 < q~ a with < a < c, then, at least for < q < \Vl/51 , 

(5.2) f(z) = S g [f](z) m C s = {zeC: \z\ < 5} . 

PROOF. We first notice that 



C q (q?uj k z) = ^2 



( 1 \n ^n(n-l) 



-Q 2 u k Z 



and 



i ^ 00 ( ~\ \n ^n(n—l) 

quj k z ^ {-!) q y ' 7 2n 2 „ 
S q (qu) k z) = — — ^ , 2 3 2 ^ q 2 uJ k z 
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hence, for sufficiently large values of k , by Theorem A, whenever \z\ < q 
(5.3) 



„n(n-l) 

q 2n{l-k+e k ) ( q -°\ 2n 



„-(k-±+<r-e k y oo 

1 K ' q (n-k+^-<T+e k ) Z 



(9; q)c 



n=0 



and 



(5.4) 



00 n(n—l) 

1 ^ q ^0 W ' q ' q h 



f,q 3 ;q 2 ) 

-fe+e fc -(fc-|+cr-c fc ) 



< 



n=0 



An easy calculation shows that 

00 

q(n-k+±+e k -aj 2 _ ? (ri-fc+± -a-+e fc ) 2 + ^(ri-fc+i-cr+Cfc) 2 

fe— 1 00 



ra=0 



fc-1 



m=0 



thus, if 



W\<\ 



for sufficiently large values of k , 

00 fe— 1 00 

£y„_ fc+ i +efc _ CT )= < j2r 2 + J2 qr ' 

n—0 m— m— 

In a similar way, for a given p £ 1N , if 



2 E 



m=0 



1-9 



(5.5) 



1 



then, for sufficiently large values of k , 



(5.6) 



jry«-*+H^-) 2 < 2 p 



ra=0 



1-9 



With the same reasoning wc get, again for sufficiently large values of k , 

2 



(5.7) 



^2 q (n-k+i+e k -a) < 2p + _ 



n=0 



Hence, by l|5.3[) . I|5.6[) and (|5.4p. (|5.7|l . we may write, respectively, for fc large 
enough, 



(5.8) 

and 

(5.9) 



< 2p(l-g) + 2 g _ (fc _i +g _ 6h y 



(?; «)c 



|5 g (qukz)\ < 



- g) + 2 ^-^-(fc-l+.-e,) 2 
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This way, for k large enough, using (|3.2|l and l|3.4|l . Theorems E and F, relation 
(|2.4|) and inequality (|5.8|l . at least for < q < \Vl/51 , 



a k C q \q?uj k z 



< 



2p(l-g) + 2 
(l-qf(q;q)l 



f(t)C q (q*u} k t)d q t 



-(fe-i+cr-e fc ) 2 -fc+i+ £fc 

\s:\ ' 



By hypothesis (|5.1|l . we may suppose that Ci G H + and Mi > exist such that, 
for k large enough, 

rl 



(5.10) 
In that case we have 



f{t)C q (gW) d q t 



a k C q \q 2 u> k z 



< 2Ah 



p{l-q) + 1 g( fc + £1 ^-i- f 5 L )( 1 + 2 ( c l- CT )+ 2e fc)- fc +I+^ 



{l-qf^q)^ \S k \ 
hence, if 1 + 2(ci — a) > 1 , i.e., if a < c\ then, taking into account Theorem A 
and l|2.5j) . and the Theorems E and F, at least for < q < , 



(5.11) 



a k C q (q 2 uj k z 



9ik 



where A\ and 0\ are positive constants. 

Analogously, for k large enough, and (|3.4|) . Theorems E and F, relation 
(|2.4|) and inequality (|5.9|l . 



2p(l -q) + 2 



\b k S q (qu> k z)\< {1 _ q)2{q . q) 



f(t)S q (quj k t) d q t 



(fc-| +cr-c fc ) 2 -2fc+2+2e fc 



so, again by hypothesis (|5.1|) . if we admit that c 2 G H + and M 2 > exist such 
that 

fi 



(5.12) 
then, 



f{t)S q (quj k t) d q t 



< M 2 q 



(fc+C 2 



\b k S q {quj k z)\ < 2M 2 



p(l-q) + l q( k+ 



3 e k 



)(2+2(c 2 -(T)+2e fc )-2fc+2+2e fc 



'(l-«) 2 (g;«)£, \S k \ 
Similarly, if 2 + 2(c 2 — a) > 2, i.e., if a < c 2 then, at least for q such that 
< q < V 1 / 51 » 
(5.13) 



2 k 



\b k s q (quJ k z)\ < A 2 q 

being A 2 and 9 2 positive constants. 

We remark that in (|5.5|) we may choose p sufficiently large in order that one 
haves 



(5.14) 



1 , , 1 

- - p < < a < mm{ci,c 2 } < - +p, 



thus, replacing c\ and c 2 from (|5.10(1 and (|5.12() by c = min{ci,C2} , respectively, 
we conclude, through (|5.11|) and (|5.13|) . that the conditions (|B . 1|1 guaranty the 
uniform convergence of the g-Fourier series (|3.1|) in C q -a = C : \z\ < q~ a } 
if a satisfies Ij5.14|l . This way, under this condition on a , we have, by Theorem H, 

f(x) — S q [f](x) whenever x G V q , 



12 



J. L. CARDOSO 



since V q C C q -<r , where V q = { g n_1 : n G N} is the corresponding set of Theorem 
I and C q -a is the interior of the circle of the complex plane with center at the origin 
and radius q~ a . 

On the other side, again by the uniform convergence of the g-Fourier series 
S q [f](x) on C q -<y , since the terms of the mentioned g-Fourier series are entire 
functions we then have that the g-series is analytic inside C q -a . From the continuity 
of both members of the above equality it results /(0) = S q [f](0) . Thus, if / is 
analytic inside Cs = { z £ C : \z\ < 6} , where < 5 < q~ a , then f(z) and 
S q [f](z) arc analytic inside Cs and coincide in a set with a limit point in the 
interior of such circle; by the principle of analytic continuation jlll Corollary 4.4.1], 
the above mentioned functions must coincide in the whole set Cs , which proves 

□ 

6. Examples 

In this section we will present four examples of g-Fourier series and study the 
corresponding questions about convergence. 

Example 1: g(x) = \x\ 
The basic Fourier series of the absolute value function is given |10j by 

1 i ^ l-C q (qiu k ) , x 



fe=i WfcC, (qzuJk) S' q {uj k ) 



Conditions of Theorem H are fulfilled |10| with, for instance, c = 2 . Thus, at least 
for < q < (1/50) 1 / 49 , the q-Fourier series of the function f(x) = \x\ converges 
uniformly on the set V q = { ±g Il_1 : n € IN } so, under the same restrictions on 
q , by Theorem I, 

1 i ^ 1-C q (qiu k ) , 1 . 

1 + « ti^ k C q (q^k)S q (u k ) V > 

for all x e y 9 = { ig"" 1 : n- G N } . 

Now, we may obtain the same conclusion in a easier way through Theorem 14. II 
by simple arguing that the absolute value function 

• is bounded on V q = { ztq 71 ^ 1 : n G IN | , 

• is continuous at the origin, 

• and satisfies the g-linear Holder condition of order 1 since 
±q n ~ 1 \ -\±q"\ < {l-q)q n ' 1 . 

Thus, by Theorem 14. II the same conclusion over the uniform convergence follows. 
Notice that Corollaries 14 . 21 or 14 . 31 also apply. 

Given a function / , it is important to point out that Theorem 14.11 or its 
Corollaries 14.21 and 14.31 enable one to decide over the uniform convergence of the 
q- Fourier series S q [f] without the need to compute the corresponding coefficients: 
only requires a short study of the function itself. 
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Example 2: h(x) 



-1 if x < 
1 if x > 



In this example, the conditions of Theorem H were not satisfied [101 Remark 3]. It 
was shown, using Theorem G, that the q- Fourier series 



S q [h](x)=2j2 



k=i u k C q S' q {uj k ) 



S q {qu> k x) 



is (pointwise) convergent at each (fixed) point x € V q . Theorem 14. II doesn't apply 
too (neither its corollaries) since h(0 + ) ^ h(0~) . 



Example 3: H^(x) = 



-1 se x < a 



1 se x > a 



(a > 0) 



Once < q < 1 is fixed, denote by n a the least positive integer j such that 
qi < a , i.e., n a = [log„ a] + 1 . Then 



(6.1) 

and, for A; = 1,2,3,... , 

2(1 -q) 



ao = ~1q n " 



ak 



-C 9 (g _J+n *w fc 



By Theorem D, 

C q (g'+"-o; fc ) - C q (f^ +n ^ k ) = q-i+ n "u, k S q (q n °u> k ) 



thus 
(6.2) 



a k 



2(1 - q)S q (q^iO k ) 



S q (q n «io k ) 



u k n k 



^ Cq (g*w fc ) S' q (u> k ) 



For k = 1, 2, 3, . . . we have 



6 fc = - 



2(1 ~g) 



5 9 (g 1+ "-« fc ) - S, (g^Wfc) 



- S q (qu> k ) 



By Theorem D, 



S 9 (g 1+n »w fc ) - 5, (q n °<J k ) = -q n > cu k C q (qi +n »cj k ) , 



so, by (|2~4l) . 

(6.3) 



2(i-g) 



2 C fl (g3+«. Wfc )_a g (gi«i; fc ) 
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hence, substituting (|(>. 1|> . H6.2J) and H6.3JI into (|3 . 1|> it becomes 
(6.4) 

OO 

We notice that Example 2 follows from Example 4 by computing the limit n a — > oo , 
i.e., when a — ► . Again by Theorem D, 

n.-l 



S'q (q na UJ k ) C q (qiLO k x^ 


+ 


C q (qiLO^ 


-c q 






S q (qu) k x) 


uJk C q (q2U)k) 


s q M 



S q {q n ^ k ) = S q (qcJ k ) £ (-1)^ 



(<?;5) 



2J + 1 



and 



thus, since S q (qw k ) = -u k C q (q 1/2 uj k ) , for fc = 1,2,3, . 



l 

'-1 
and 



ffW(a?)C g ( 9 'w fc s)d 9 t = 2(l-g)C,(?'a;fc) ^{-l) 3 q jU+h 



l q ^-3- q 



3=0 



2J + 1 , 2j 



2j+l 



J=0 



2.; 



For each fixed a > , at least for < 9 < (1/50) 1 / 49 , the q-Fourier series (|6.4|) 
converges uniformly on the set V q = { ig™ -1 : n 6 N } : in fact, after some com- 
putations, one verifies that the conditions of Theorem H are satisfied with, for 
instance, c = 2 , hence, whenever x € V q and under the above restriction on q , we 
may write by Theorem I, 
(6.5) 

H {a \x) = -q n «- 



00 Q 



fc=i 



{q n "uJ k ) C q (qiLJkX^j + 



C q {qioJkj - C q (ql +na LO}^j S q (quj k x) 



U k C q (q2LU k ^j S' q (bJ k ) 



Another approach is the following: one easily check that G 1,1] , 

ff( a )(0 + ) = = i?( a )(0~) and is almost g-linear Holder of order bigger then 



since 



H (a) ( ± q n-ij _ H (a) ( ± g") = o , n > n a + 1 = [log g a] + 2 . 

By Corollarv l4.2l the q-Fourier series S q [H^ a '~\ converges uniformly on the set V q , 
thus (|6.5|) follows. 
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Example 4- f( x ) = % m 

In [101 Proposition 6.1] it was presented the Fourier expansion of the function 
f(x) = x m , m = 0, 1, 2, . . . , in terms of the functions C q and S q : 

1 + (-l) m 1 - 9 




v<7> Q)m-l-2i 



i (-i)+(-i)™ L ^ J (-i)V 4+1 )^- m -^ e . 



S 'qM f^ Q u 2 k l+l {q-q) m - 

whcre [x] denotes the greatest integer which does not exceed x and we will take 
as zero a sum where the superior index is less than the inferior one. 
Furthermore, it was proved that the conditions of Theorem H arc fulfilled with , 
for instance, c = 2 . Thus, at least for < q < (1/50) 1 / 49 , the g-Fourier series of 
the function f(x) = x m converges uniformly on the set V q = { ±g n_1 : n 6 IN } , 
so, by Theorem I, 

x m = S q [x m ](x) whenever x € V q = { ±q n ~ 1 : n S N} . 

We notice that the conditions of Theorem 14 . II are trivial checked when f(x) = x m . 

Now, since / satisfies the conditions of Theorem [IO] with, for instance, c = 1 
and / is an entire function then, by Theorem l5.ll 

S q [x m ](x) = x m , Vz G C s = { z 6 C : \z\ < S} 

where < S < q~ a and < a < 1 . 

Concluding remarks. We notice that Theorem 14.11 or Corollaries 14.21 and 
14.31 arc q -analogs of the corresponding classical theorems on uniform convergence 
for trigonometric Fourier series. See, for instance, Theorem 1 of [161 page 204] or 
Theorem 55 of [141 page 41]. 

Mathcmatica© suggests that Theorems (|4.1fl and dS.lfl remain valid for < 
q < 1 . It's an open question and to prove it a different technic is required. 
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